The minimum weight of an Italian dominating function of G is called the Italian domination number of G, denoted by γ I (G). In this paper, we present a bagging approach and a partitioning approach to investigate the Italian domination number of Cartesian product of circles and paths, C n P m . We determine the exact values of the Italian domination numbers of C n P 3 , C 3 P m . We also present some bounds on the Italian domination number of C n P m for n, m ≥ 4.
I. INTRODUCTION
We first present some necessary terminology and notation. Let G be a finite, simple, and undirected graph with vertex set V (G) and edge set E (G) The original study of Roman domination was motivated by defending the Roman Empire. For Roman domination, each vertex in the graph corresponds to a location in the Roman Empire. A location (vertex v) is considered unprotected if no legions are stationed there (f (v) = 0) and protected otherwise (f (v) ∈ {1, 2}). An unprotected location v can be protected by sending a legion to v from a neighboring location (an adjacent vertex u). Emperor Constantine the Great decreed that a legion cannot be sent to an unprotected location if doing so leaves the original location unprotected. Thus, every location having no legion must be within the vicinity of at least one city at which two legions are stationed. Since it is expensive to maintain a legion at a location, the Emperor would like to station as few legions as possible, while still defending the Roman Empire. A Roman dominating function of weight γ R (G) corresponds to such an optimal assignment of legions to locations.
The associate editor coordinating the review of this manuscript and approving it for publication was Yilun Shang. Zepeng Li et al. (2018) [3] give the Italian domination number of C n C 3 and C n C 4 , where they call the weak {2}-domination number. Maryam Hajibaba et al. (2017) [4] give the bounds of γ I (G) with double Roman domination number. Guoliang Hao et al. (2018) [5] introduce the global Italian domination number and present some bounds for the global Italian domination number. Abdelkader Rahmouni et al. (2018) [6] study the independent Roman {2}-domination number. Fan et al. [7] study the outer-independent Italian domination number. Lutz Volkmann(2019) [8] initiates the study of the Italian domatic number in digraphs. There are many good strategies [9] to deal with the domination problem.
In this paper, we present a bagging approach and a partitioning approach to investigate the Italian domination number of Cartesian product of circles and paths. With the help of them, we get better lower bounds of γ I (C n P m ). We construct some suitable IDFs, upon which we get upper bounds. In the sequel, we determine the exact values of the Italian domination number of C n P 3 and C 3 P m . We also present some bounds on the Italian domination number of C n P m for n, m ≥ 4.
In the rest of this paper, we draw the graph of C n P m and denote the Italian dominating function f on it as shown in FIGURE 1.
II. BOUNDS ON THE ITALIAN DOMINATION NUMBER OF
Proof: For n ≡ 0, 1, 3, 5, 7(mod 8), we define f as follows:
For n ≡ 2, 4, 6(mod 8), we define f as follows:
0, otherwise. FIGURE 2 shows IDFs on C n P 3 for n = 8, · · · , 15, where ''⊥" means we repeat the top eight rows as n becomes bigger. From these functions, one can see, for every The weight of f is
Hence,
, n ≡ 4 (mod 8). 
B. LOWER BOUNDS ON THE ITALIAN DOMINATION NUMBER OF C n P 3
Let f is an arbitrary Italian dominating function of C n P 3 , for 0 ≤ i ≤ n − 1, V i is the set of vertices on the ith row, i.e. V i = {v i,j |0 ≤ j ≤ 2}, and f i is the weight of the ith row, that is,
All subscripts are taken modulo n. Proof: L1.1 Since f is an IDF and f i = 0, FIGURE 3 shows the two cases, where blue vertices stand for f (x) = 0, red vertices stand for f (x) = 1 and green vertices stand for f (x) = 2. If the former is true, then
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Hence, Theorem 2 holds for n ≡ 0, 1, 2, 5, 6(mod 8) or n ≡ 3, 7(mod 8)
Then, we will prove there must be contradictions if t 2 = 0 ∧ t 1 ≤ 1 for n ≡ 3, 7(mod 8) or t 2 = t 1 = 0 for n ≡ 4(mod 8).
Suppose t 2 = 0 and t 1 ≤ 1, by Procedure 1 (in 70 th -74 th and 95 th -99 th lines),
By Procedure 1 (in 100 th -105 th lines),
It follows
So, t 0 = n 4 . If f is an IDF, then the arrangement of f (B 0,t ) and f (B 0,t+1 ) (1 ≤ t ≤ t 0 − 1) must be that FIGURE 3 (1) appears after (2), or (2) appears after (1). FIGURE 4) . Thus, this is a contradiction to f n−2 = 1. So, t 2 > 0 ∨ t 1 > 1 for n ≡ 3(mod 8). Similarly, t 2 > 0 ∨ t 1 > 1 for n ≡ 7(mod 8) (see FIGURE 4) .
For n ≡ 4(mod 8), by suppose, f on the last four rows should be as shown in FIGURE 4. Obviously, the vertex v n−1,2 cannot meet the definition of IDF. So, t 2 > 0 ∨ t 1 > 0 for n ≡ 4(mod 8).
Thus, the proof of Theorem 2 is completed. By Theorem 1 and 2, we have Theorem 3: Let G = C n P 3 , then Proof: We define f as follows:
III. BOUNDS ON THE ITALIAN DOMINATION NUMBER OF C
0, otherwise.
FIGURE 5 shows IDFs on C 3 P m for m = 1, 2, 3, 5, 6, 7, where R means we repeat this three columns as m becomes bigger. From these functions, one can check f is an IDF.
The weight of f is
B. LOWER BOUNDS ON THE ITALIAN DOMINATION NUMBER OF C 3 P m
In this subsection, we denote V j (0 ≤ j ≤ m − 1) as the set of vertices on the jth column in C 3 P m and f j is the weight of the jth column.
, then f j−1 +f j+1 ≥ 6, where subscripts are taken modulo m.
Proof: Since the proof is similar to that of L1.1 and L1.3, so we will not elaborate on this.
Proof:
In C 3 P m (m ≥ 4), we will prove γ I (C 3 P m ) ≥ m + 2. We alter bagging technique to put V j (0 ≤ j ≤ m − 1) into bags B s i (0 ≤ i ≤ 6). We add two virtual columns, and let their weights are f −1 = f m = 0. 
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By Theorem 4 and 5, we have Theorem 6: Let G = C 3 P m , then
IV. BOUNDS ON THE ITALIAN DOMINATION NUMBER OF GRAPH C n P m A. UPPER BOUNDS ON THE ITALIAN DOMINATION NUMBER OF GRAPH C n P m
In this subsection, we define some IDFs for C n P m (n, m ≥ 4). Upon these IDFs, upper bounds of γ I (C n P m ) can be determined.
, n ≡ 2(mod 3). (2) n = 4, 5, m ≥ 4,
Proof: (1) n, m ≥ 6, we define f as follows:
0, otherwise. VOLUME 7, 2019 FIGURE 6 shows IDFs on C n P m for n = 3, 4, 5, m = 5, 6, 7, where R m means we repeat the three columns as m becomes bigger, R n means we repeat the top three rows as n becomes bigger. From these functions, one can check f is an IDF.
. Some functions on C n P 4 . That is, γ I (G) ≥ mn 3 + n 9 .
V. CONCLUSION
In the preceding section, we present a bagging approach which we use on domination type problem. we use this approach for Italian domination on C 3 P m and C n P 3 .
With the help of bagging approach, we determine the exact values of the Italian domination number of C n P 3 and C 3 P m . We also give the bounds on the Italian domination number of C n P m (n, m ≥ 4) based on partitioning method. We have verified the upper bounds are sharp. This bagging approach is promising and effective for processing other types of domination, such as t-rainbow domination, double Roman domination, and so on. 
